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ABSTRACT
We seek to efficiently solve a generalized class of partial differential
equations called the phase-field equations. These non-linear PDE’s
model phase transition (solidification, melting, phase-separation)
phenomenawhich exhibit spatially and temporally localized regions
of steep gradients. We consider time as an additional dimension
and simultaneously solve for the unknown in large blocks of time
(i.e. in space-time), instead of the standard approach of sequential
time-stepping. We use variational multiscale (VMS) based finite
element approach to solve the ensuing space-time equations. This
allows us to (a) exploit parallelism not only in space but also in
time, (b) gain high order accuracy in time, and (c) exploit adaptive
refinement approaches to locally refine region of interest in both
space and time. We illustrate this approach with several canonical
problems including melting and solidification of complex snow
flake structures.
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1 INTRODUCTION
Phase field equations find its importance in modelling of microstruc-
tures, crystal growth, phase separation, phase transformation and
interface tracking. They have been used to describe phenomena
ranging from nanoscale precipitation to the clumping of the uni-
verse. Specific examples of phase field equations include the Allen
Cahn equation which model phase transition by the evolution of
phase boundaries driven by isotropic surface tension[1], the Koboy-
ashimodel which models solidification of metals and alloys [5], and
the Cahn - Hillard equation which models spinodal decomposition
and coarsening in binary alloys and polymer blends.

There have been significant progress in developing scalable nu-
merical methods for these phase field equation [6, 7], which can be
though of as generalized reaction - diffusion equations. One of the
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characteristic of these equations is that they are highly localized
in space and time. In previous work [3, 4], we demonstrated the
advantage solving PDEs in a coupled space and time manner. The
advantages include the ability to formulate aposteriori error esti-
mate which enable efficient space-time mesh adaptivity, as well as
sustained scaling over a large range of processors as compared to
conventional time stepping methods. Our prior work has focused
primarily on the time dependant heat equation. In this work, we ex-
tend this paradigm to solve the phase field equations in space-time
using Residual based Variational Multi - Scale approach (RBVMS).

Our major contribution in this work are as follows: a) we show
high order temporal convergence using linear, quadratic and cubic
basis function, b) we show good strong scalability of the space-time
approach, and c) we show adaptivity in space - time to locally refine
the region of interest in both space and time.

2 MATHEMATICAL FORMULATION
Consider the transient non - linear diffusion reaction equation in a
bounded spatial domain Ω ∈ Rnsd and finite time domain [0,T ].

ut − ∇ · κ(u)∇u − д(u) = f (x , t) in Ω × [0,T ]
u(x , 0) = u0

(1)

where nsd is the number of spatial dimension, f : Ω × [0,T ] is a
smooth source function andκ(u) > 0. Without the loss of generality,
we consider the homogeneous Dirichlet boundary condition on the
spatial boundary Γ.

The basic idea of VMS is to split the problem into coarse scale
(uc ) and fine scale (uf ). The above equation, thus can be written as:

(wc ,uct ) + (∇w
c ,κ∇uc ) − (wc ,д(uc ))

−(wc
t + ∇κ · ∇wc +wcд′(uc ),uf ) + (wc ,uf )Γt=T = (wc , f )

(2)

RBVMS approximates uf in the terms of coarse scale as:

uf = −τ (uct − ∇ · κ(uc )∇uc − д(uc ) − f (x , t)) (3)

where τ is computed as mentioned in [2].

3 RESULTS AND DISCUSSION
3.1 Convergence study
We used the method of manufactured solution for illustrating high
order temporal convergence when using various order of basis
functions in space-time. The spatial domain is [0, 1] and the time
horizon to be 1.0. The diffusivity is set to be 10−7 ×(1.1+u) and the
reaction termд(u) to be 5(1−u2). The forcing function is constructed
to ensure that u takes the form:

u = e−t/2.0sin(πx)sin(πy) (4)
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Figure 1 shows the temporal convergence using linear, quadratic
and cubic basis function. The L2 error is calculated over all of the
space - time domain. The order of convergence follows the expected
trend of p + 1 where p is the order of basis function. It is interesting
to note that using a linear basis function is equivalent to Crank -
Nicholson time stepping, while simply changing to quadratic and
cubic basis function produces results equivalent to higher order RK
methods – specifically RK3 and RK4 schemes.
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Figure 1: Temporal convergence using linear, quadratic and
cubic basis function for transient heat equation with reac-
tion term solved in space-time.

3.2 Modeling of solidification
Numerical simulations of surfaces evolving according to the mean
curvature flow can be written in the form of:

ut =
u − u3

ϵ2
+ ∆u (5)

Figure 2a shows the evolution of two concentric circles in space-
time. The smaller circle (which has larger curvature) shrinks faster
than the larger circle. Figure 2b shows the evolution of a star shaped
initial condition that slowly erodes to a circle. These results are
consistent with that presented in [6].

(a) Evolution of concentric circle
in curvature driven flow.

(b) Evolution of star shape ini-
tial field in curvature driven
flow.

Figure 2: Space time simulation of Allen - Cahn for mean
curvature driven flow.

Koboyashi [5] presented a phase field model to simulate the crystal
growth. The results are presented in poster for both isotropic and
anisotropic case.

3.3 Scaling of space - time solution
Figure 3 present the strong scaling result of space time Allen - Cahn
in (2 + 1)D on Stampede2. We have considered a regular grid with
equal spacing in space and time. The addition of time as an extra
dimension allows us to leverage the computation power of around
O(104) processors.
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Figure 3: Scaling of space time solution forAllen - Cahn. The
total dof for both linear and quadratic case is kept constant
to 8120601.

3.4 Adaptivity in space - time
We demonstrate the adaptivity in space - time using 2:1 balanced
trees in coupled space time for the Allen Cahn problem described
in [3]. Figure 4a shows the shrinking of the solidification front
and Figure 4b shows the space time slice y − t to demonstrate the
adaptivity in space and time.

(a) (b)

Figure 4: Adaptivity in coupled space - time for the Allen -
Cahn equation

4 CONCLUSION AND FUTUREWORK
In this work, we presented a numerical framework to integrate
PDEs in coupled space time using RBVMS for phase field equation.
We combine this framework with adaptive mesh refinement to
exploit parallelism in time. We would like to extend this framework
in 4D using matrix - free and mesh - free approach [4] to solve even
more complex equation like Navier Stokes, Navier - Stokes Cahn
Hilliard, Navier - Stokes Nerst Plank equation.

https://www.tacc.utexas.edu/systems/stampede2
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